Steiner 3-wise balanced designs are constructed for parameters 3-(3
Introduction and results
Definition 1.1. Let V be a set of v points, 0 ≤ t < v an integer, and K a set of integers k i , such that t < k i < v. where q may be any prime power and n a positive integer.
An account of results on tBDs is contained in the Handbook of Combinatorial Designs [9] . We here provide several new tBDs, in particular a 11-(24, {12, 13}, 12) tBD. Furthermore, we present several series of Steiner systems. For the proof see Section 2. Other series are obtained from formerly known ones by block truncations and insertions. We present these technical results in Section 2 and then prove, at the end of that section, the following claims. 
and, for i = 0, 1, 2, also We conclude, in Section 3, with two tables of results for small point sets.
Methods
There exists a family of 5-(2 n , {6, 8}, 1) designs found by Wilson with automorphism groups AGL(n, 2), see [9] . We show that, similarly, there exists a series of 3-(3 The other class of blocks consists of 8-element subsets. The blocks in this class are simply the 2-dimensional subspaces of V (n, 3) without the zero-vector. Any linearly dependent set of three non-zero vectors spans just one such subspace, since a one-dimensional subspace contains only two non-zero vectors. Therefore there is just one block of this class containing a given linearly dependent set of three non-zero vectors. No set of 3 linearly independent vectors is contained in any block from this class. We, thus, have proved Theorem 1.1.
An important tool for proving the remaining Theorems is based on intersection numbers. Recall that for a t-(v, k, λ)
design the number of blocks that contain a fixed subset I of size i and trivially intersect a second given subset J of size j only depends on i and j if i + j ≤ t. This intersection number λ ij can be computed recursively using λ i,j = λ i+1,j−1 − λ i,j−1 , see [10] . In case of λ = 1 any two blocks intersect in at most t − 1 points. In that case, the formula even holds for i + j ≤ k if I and J are both chosen as subsets of one block of the design. 
Proof. Any t-element subset T of W is contained in λ blocks of D. Such a block B intersects W by the assumption in at least t + 1 points. So, the truncation B \ X leaves a block of some size between t + 1 and k. The blocks B that intersect W in exactly j points are those that have exactly i = k − j points in common with X . So, the number of these blocks is obtained by the
The condition that for each T ∈ V t no block that contains T intersects W in only t points is trivially fulfilled if From the 3-(q n +1, q+1, 1) designs which exist for all prime powers q and integers n ≥ 2 one obtains by point truncation
Truncating by a block Theorem 2.2 yields the following result. There are further truncations that are not covered by Theorem 2.1. The small Witt design can be obtained by truncating the big Witt design by certain 12 points.
One might try to truncate one of Denniston's 5-(24, 6, 1) designs by a block to get a 5-(18, 6, 1) design. Such a design would need 1428 blocks. The truncation by a block only yields 977 blocks of size 6 on 18 points and 451 blocks intersecting the 18 points with size 5. These numbers easily follow from the intersection numbers of the Denniston designs. The two numbers add up to the desired number of blocks, but the blocks of the second set have been reduced to only 5 points. So, no 5-(24, 6, 1) design is obtained. In fact, Denniston [2] has claimed to have shown that no 4-(17, 5, 1) design with a nontrivial automorphism group exists, and recently Östergård [13] announced that by computer search he has established that no 4-(17, 5, 1) design exists. Thus, a 5-(18, 6, 1) design also does not exist.
There are a few cases of Steiner t-designs where a given intersection size i < t does not occur. For t ≥ 3 this only happens for the big Witt design and its derived designs, see [5] . In all other cases all intersection sizes up to t − 1 appear. So, we obtain for the truncation by two disjoint blocks of 3-(q n + 1, q + 1, 1) designs the following result. The truncation by further points gives many other parameter sets from these. There is another construction generalizing a result by Hanani [7] and McSorley, Soicher [11] , that we will combine with truncation. This construction may use and produce non-simple designs. integers and D = (V , B) be a t-(v, K , λ) From small prime powers we obtain 3-(v, {5, . 
Tables
From the Steiner systems discussed above we obtain the following table for small point sets.
Table of known Steiner tBD's.
A table of Steiner tBD parameters with t > 2 and v < 101 summarizes the known results up to 100 points. Only parameter sets with minimal K are listed. Steiner Quadruple System parameters are omitted. These are all 3-(6n + d, 4, 1) where n is a positive integer and d ∈ {2, 4}, see Hanani [7] . By Theorem 2.1 we obtain many tBD's from truncating t-designs. For example, the smallest known 7-designs are 7-(20, 10, λ) designs for λ = 116, 124, 126, 134, see [3] . They yield 7-(19, {9, 10}, λ) and 7-(18, {8, 9, 10}, λ) tBD's for these values of λ. There exist other tBD's with smaller values of λ that are not obtained by truncation from known t-designs. We have constructed several of them using our software system DISCRETA [4] by prescribing a group of automorphisms. All designs in the tables are simple designs. So, we have a simple 11-design with two different block sizes. It is known that there also exists a non-simple 11-(24, 12, 6) design, see Magliveras et al. [6] . It might be of interest to search for non-simple tBD's with large t and small values of λ.
